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ABSTRACT 
Let d k denote the normalized hook immanant corresponding to the partition 
(k, 1 "-k) of n. P. Heyfron proved the family of immanantal inequalities 
det A=e71(A)  ~<t~2(A)-<< .-- .<<d.(A) =perA  (1) 
for all positive semidefinite Hermitian matrices A. Motivated by a conjecture of R. 
Merris, it was shown by the authors that (1) may be improved to 
k - 2 _ 
dk_l(L(T)) ~ ~---fdk(L(T)) (2) 
for all 2 ~< k ~< n whenever L(T) is the Laplacian matrix of a tree T. The proof of (2) 
relied on rather involved recursive relations for weighted matchings in the tree T as 
well as identities of hook characters. In this work, we circumvent this tedium with a 
new proof using the notion of vertex orientations. This approach makes (2) immedi- 
ately apparent and more importantly provides an insight into why it holds, namely the 
absence of certain vertex orientations for all trees. As a by-product we obtain an 
improved bound, 
1 _ k-2  
0 <~ ~ [dk(L(T)) - dk(L(S(n)))] < -ff~d-k(L(T)) - dk_l(L(T)) , 
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where S(n) it the ~tar with n vertices. The ease with whieh the inequality in (2) and 
its improvement are derived points to the value of the concept of vertex orientation i
the study of immanantal inequalities on graphs. © 1998 Elsevier Science Inc. 
1. INTRODUCTION 
An immanant dx is a matrix function that is associated with an irreducible 
character Xx of the symmetry group S,, indexed by the partition A of n. For 
an n × n matrix A = [a~j], the immanant da(A) is defined by 
n 
da(A) := E X~t(o') I-I a,,~o). 
cr~S~ i=1 
The familiar determinant and permanent of a matrix are examples of im- 
manants, namely, det A = d~a.)(A) and per A- -d~,)(A) .  The normalized 
immanant is defined by dx(A) .'= da(A)/xa(id), where id denotes the iden- 
tity permutation in S,. For partitions )t = (k, ln-k), the corresponding 
immanant d~k ' x.-~) is called a hook immanant, and we shall denote it by d k. 
A well-known conjecture about immanants i the permanent-on-top con- 
jecture that asserts 
dTt (A )  ~ d(n , (A)  = per  A 
for all positive semidefinite Hermitian (psd) matrices A. In this connection, 
P. Heyfron [6] proved that the hook immanants satisfy, for all psd A, 
det A =d l (A)  ~<dz(A) ~< "'" ~<d.(A)  = perA .  (3) 
We shall focus our attention on the hook immanants evaluated at the 
Laplacian matrix of trees. In establishing a conjecture of R. Merris [8], it was 
shown in [2] that the inequalities in (3) may be sharpened to 
k D 2 __ 
dk_,( L(T)) <~ -~-~dk( L(T)) (4) 
for all 2 ~< k ~< n and every Laplacian matrix L(T) of a tree T. Moreover, 
equality in (4) is attained for 3 ~< k ~< n if and only if T is a star (the tree 
with 1 central and n - 1 pendant vertices). The proof of (4) in [2] makes use 
HOOK IMMANANTAL INEQUALITIES 12] 
of the fact that the gaps between successive dk(L(T)) 's  are nondecreasing, 
that is, 
dk(L(T)) -(-[k_I(L(T)) <~dk+l(L(T)) -dk (L (T ) )  (5) 
for k = 2, 3 . . . . .  n - 1. This is established through rather intricate recursive 
formulas for weighted matching numbers of the tree T and certain identities 
satisfied by the hook characters. In this work, our approach to the inequali~; 
in (4) is to introduce the notion of vertex orientations on a tree that turns out 
to be "dual" to weighted matching numbers. This allows us to arrive at a 
proof of (4) that is much more elegant and does not require (5). Moreover, it 
sheds much light into these inequalities and explains their existence through 
the absence of one particular type of vertex orientation in trees. As we believe 
that the notion of vertex orientations will prove fruitful in the study of 
immanantal inequalities for Laplacian matrices of graphs, we provide a 
detailed discussion of the idea in the next section. 
2. VERTEX ORIENTAT IONS 
Let T be a tree with vertex set {vl, v 2 . . . . .  v n} and edge set E(T). To 
each vertex vi, we assign an arrow pointing away from the vertex along one of 
its adjacent edges. There are deg(vl) ways of assigning an arrow at v i, where 
deg(vi) denotes the degree of the vertex v, in T. This notion is related to the 
concept of a functional digraph defined in [4, 5], though in our case the 
resulting graph is not a digraph. Some edges will have no arrow on them, and 
some other edges will have two arrows on them. We call an orientation of 
vertices where exactly j edges have two arrows on them a j-vertex orienta- 
tion. For j = 0, 1,2 . . . . .  [n/2] ,  let aT(j) denote the number  of j -vertex 
orientations in T. 
We found out recently that a similar idea has been used by R. Merris in 
[7] to prove that for any tree on n vertices, 
per L (T )  >~ 2(n  - 1). 
Certain subsets of what he called "marimba sticks" and "half edges" corre- 
spond to vertex orientations here. 
EXAMPLE 1. The pictures in Figure 1 show some vertex orientations of a 
tree. The first two on the left are 1-vertex orientations, while the one on the 
extreme right is a 2-vertex orientation. 
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FIG. 1. Vertex orientations. 
Note that all edges with two arrows on them are disjoint from each other. 
EXAMPLE 2. The star S(5) on five vertices is shown below in Figure 2. 
There are four possible arrangements of arrows for S(5), but they all 
resemble the 1-vertex orientation shown. So as¢5)(1) = 4 and aso)(j) = 0 for 
all j =~ 1. 
In general, the star S(n) is the tree on n vertices with one central vertex 
of degree n - 1 and n - 1 pendant vertices joined to the central vertex. It is 
easy to verify that 
as(,)(1 ) =n-  1 and as(,)( j  ) =0  i f j~a  1. (6) 
THEOREM 2.1. For any tree T with n vertices, 
aT(O ) = O, 
aT(1 ) = n -- 1. 
(7) 
(s) 
Proof. In any vertex orientation of T, we note that there are n vertices 
and n - 1 edges. Thus there must be some edge with two arrows on it, and 
aT(O) = O. 
FIG. 2. Star S(5). 
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In any 1-vertex orientation of T, if an edge has two arrows on it, then the 
orientation of all the vertices must be directed towards this edge. Hence 
aT(l) = n -- 1. • 
We shall show that every immanant of the Laplacian matrix L(T) may be 
expressed as a linear combination of aT(j)'s. The Laplacian matrix L(T) = 
[lij] of the tree T is an n X n matrix defined by 
lij f ~gl(v,) if i : j ,  := if {v,,vj} ~ E(T) ,  otherwise. 
As observed in [2], in the expansion dx(L(T))= Y~s,  Xa(°')l-In=l/i~ci), 
many of the terms are zero. The only instances when the term l~  n i= 1 licr(i) ~ 0 
are when the permutation cr comprises exactly j transpositions and n - 2j 
fixed points and the corresponding elements {{vi, v~i)} : ~( i )  @ i} are inde- 
pendent edges in T. A set M of j independent edges is called a j-matching. 
We use the notation v ~ M to mean that the vertex v is incident with some 
edge in M, and v ~ M to mean otherwise. For j = 0, 1 . . . . .  [n/2J, the 
weighted j-matching number of T is defined to be 
roT(j) := Y'~ 1-I deg(v),  
M v~M 
where the sum is taken over all possible j-matchings M of the tree T. We 
note that mT(O) = l-I v ~ V~T)deg(v), and if T has a perfect (total) matching, 
then mT(n/2) = 1. 
For j  = 0, 1 . . . . .  [n/2J, we set xa(j) := Xx(o'), where the permutation or 
has cycle type (2J, 1"-2J), that is, o" comprises exactly j transpositions and 
n -2 j  fixed points. In particular, Xa(0)= xa(id). It is straightforward to 
check that 
ln/2J 
d~(L(T) )  = ~_, x , ( j )mT( j ) .  
j=0 
We observe that for any tree T with n vertices, the total number of vertex 
orientations i
tn/2J 
Y'~ aT(j)  = l--I deg(v) = mr(O ) . 
j=0 v~V(T) 
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This relation extend~ to the other weighted j-matching numbers. Indeed, we 
may regard the aT(j)'s and mT(j)'s as "dual" to each other, as the next result 
shows .  
• THEOREM 2.2. Let T be a tree with n vertices. Then 
mr(j) = ,=j (j)ar(i), (9) 
at ( j )  = Y'~ ( - -1)  '-J raT(i ) (10) 
z =.] 
for j  = O, 1 . . . . .  tn/2l. 
Proof. We will prove (9) only, since (10) follows from it. This is done by 
counting the number of elements in the set 
Qj = {( M, O) :  M is a j-matching, O is an i-vertex orientation with i >/j, 
and the edges in M all have two arrows in the orientation O}. 
Given a j-matching M, we can form a vertex orientation 0 by directing the 
vertices v ~ M along each edge e ~ M. The other vertices are oriented in an 
arbitrary manner. Clearly, (M, O) ~ Qj. Thus 
IQj[ = Y'~ M deg(v) = mr( j ) ,  
M v~:M 
where the sum is taken over all j-matchings M. 
Given an i-vertex orientation O, where j ~< i ~< [n/21, we note that the i 
edges which have two arrows on them are independent. We can form an 
ordered pair (M, O) by choosing j of these i edges. This gives 
proving (9). • 





weighted matching numbers are 
mr(O ) = 12, mr(1 ) = 20, 
and for the vertex orientations 
at(0 ) =0,  aT(1 ) =5,  aT(2 ) =6,  and ar(a  ) = 1. 
Indeed, we have 
We illustrate this for the tree shown in Figure 3. The 
mT(2 ) =9,  and mr(3 ) = 1, 
mr(O ) = 0 + 5 + 6 + 1, 
mr(a)  = 1. 
×1,  
The relation (9) allows us to express dA(L(T)) in terms of at(j). So 
t,~/21 
dA(L(T)) = y" xA(j)mT(j) 
j=O 
= E )CA(j) aT(i) 
j=0 i=j 
= E at ( i )  xA(j) j . (11) 
i=o j20 
The quantity E i xa(j)(~) may be viewed as a sum of binomial coefficients j=0 
weighted by character values. It includes familiar sums, such as 
(¢) =2 '  and ~( -1 ) J (¢ )  =0,  
j=o j=o 
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corresponding to the trivial and the alternating characters Xc,~ and 1'(1.~ 
respectively. It turns out that I2~= 0 xA(j)(j) is always a nonnegative multiple 
of 2 i. A proof of this fact and other interesting properties of this quantity may 
be found in [1]. 
3. HOOK IMMANANT 
For our purpose, it suffices to derive an explicit formula for Y"}=0 xa(j)(~) 
when A is restricted to a hook partition. We will adopt the conventions that 
(~) =0 whenever j<Oor j> i  and (0 )  =1.  
LF.MMA 3.1 [1, Theorem 3.1]. Let A = ( k, 1 "-k) be a hook partition ~f 
n, and let i be an integer with 0 ~ i ~ In/2]. Then 
~, X~k,l '~ k,( j ) ( i )  =2 , (n - i -  I)  (12) 
j=0 j k i 1 " 
Proof. We first verify the expression in (12) for small values of i and k, 
and then perform induction on i. For k = 1, X(I',)(j) is just ( - 1)L So 
j=0 if i >~ 1, 
and (12) holds. For k = 2, we use the character formula 
X(2,1- ~)(j) = ( -1 ) J (  n - 2j - 1) 
(see for instance [9, p. 146] or [10, p. 87]) to obtain 
j=0 J j=0 
! =0 
= i f  i 1,  
if i>~2, 
and (12) holds. 
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When i = 0, for all k, 3 ~< k ~< Ln/2], the left-hand side has just one 
term, 
X(k,l.-k)(O) = ( n - ]-) 
k 1 ' 
which is the degree of the irreducible representation associated with X(k, 1 o b" 
For i = 1, using the Murnaghan-Nakayama rule (see [3, p. 59] or [10, p. 
176]), 
E X(k. 1" %(J) 
j=O 
= X(k,l" k)(O) -4- X(k,1.-k)(1) 
= S(k,1.-k)(O) Jr" X(k_2.1.-k)(0) -- )((k,1.-k-2)(O) 
(~_ 1) + (~-~-,)_ (o-~-,) 
= k 1 2 1 k -1  
k 2 ' 
agreeing with the fight-hand side of (12). We now apply induction on i: 
,)t/(k, 1"- k)(J) j 
j=0 
= E X(k,l" k)(j) j + X(k,l"-k)(j) 1 
j=0 j=l 
j= l  
i] '-IE 5(J)] i -1 ( )  = 2 ' -1 (~ -- i] "4- Ix(k-2,1" ~)(J) -- X(k,1 "-k 
j=0 J 
=~[(~ ~t+(~ ' ~) ( n ~ / ~ ) ] ,  i , i  
=2(n i l )  
k i 1 " 
We are now ready to prove (4). 
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THEOREM 3.2 [2, Theorem 1.2]. Let T be a tree on n vertices, and L(T) 
denote its Laplacian matrix. Then for k = 2, 3 . . . . .  n, we have 
k - 2 _ 
dk I (L (T ) )  <~ ~dk(L (T ) ) .  (4) 
Moreover, for k = 3 . . . . .  n, equality hold~ if and only if T is the star. 
Pro@ When k = 2, both the left- and right-hand sides of (4) are 0, 
since dl(L(T)) = det L(T) = 0. Consider k >~ 3. By (11) and (12) we have 
[n/2j i 
1 ~=OaT(i)j~.OX(k,l. k) ( j )  (~)  dk(L (T ) ) -  X(k,l" b(O) = ,= 
l,,/21 (n - i -  1 
= ~=oar(i)2i k i 1 (13) 
It follows from (13) that 
k -- 2 __ 
k - 1 d*(L(T))  - d~_, (L(T) )  
n - 1) 
In~2] 
E a r ( i )2 ' - -  
i=2 
i 1) 
i -1  i 1 -1) 
0, (14) 
since at(0) = 0 and aT(i) >1 0 for all i >~ 0. We note that if T is not the star, 
then aT(2) > O, as T has at least one 2-matching, and for the star, as(,)(i) = 0 
for i ~> 2. Thus for 3 ~< k ~< n, equality in (4) holds if and only if T is the 
star. • 
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REMARK. We see from the proof of the theorem that the inequality (4) is 
due to the fact that aT(0) = 0. That is, there is no vertex orientation on T 
that results in none of the edges having two arrows. 
4. AN IMPROVED BOUND 
To see how (14) leads to an improved bound, let us recall from (8) that 
aT(l) = n -  1 for any tree T. Using the formula in (13), we have for 
l<~k~n 
We have shown 
dk(L(T)) = --~0 ar(i)2~ i - 
k-1  
= 2(~ - 1)  
= Jk (L (S (n) ) ) .  
dk(L(T)) >i d~(L(S(n))) = 2(k - 1) (15) 
(see also [2]). Note that if T is not the star, @(2) > 0 and so the inequality is 
strict for k >i 3. The inequality in (15) holds more generally for any ira- 
manant, and a proof of this fact may be found in [11, Theorem 25]. 
We begin with the expression i  (14), 
[,~/2J 
y" at(if2 i -  
i=2  k-1  (n - i )k  1 l aT i,  t:  ; lkl 
1 i -  w 
- k - ~ la* (L ( r ) )  - 2~k - 1)1 
1 
- k - ~ [g~(L(T ) )  - g~(  L (S (n) ) ) ]  
~> O. (16) 
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Note that the first inequality in (16) is strict for k i> 4 whenever T has a 
3-matching. For k --- 3, equality holds in (16). Thus we have shown 
THEOREM 4.1. Let T be a tree, and L(T) denote its Laplacian matrix. 
For k = 2, 3 . . . . .  n, we have 
1 k -2_  
k - 1 [dk(L(T) )  - dk(L (S(n) ) ) ]  <<" -k '~  dk(L (T ) )  - dk=l(L(T))" 
For k = 3, equality holds, and for k >1 4, equality holds if and only if T has 
no 3-matchings. Also for k >1 3, dk(L(T)) >_, dk(L(S(n))) with equality if 
and only if T is the star S(n). 
We observe that all the results in [2] pertaining to hook immanants dk 
may be established easily using the identity (13)--in particular, the result (5) 
on the decreasing aps. Indeed, using (13), 
[dk+l(L(T))  - dk( L(T)) ]  - [dk(L(T) )  - dk-l(  L(T)) ]  
ln/21 i ( i -  1) 
E a (i)2' 
i=2  
n - i - 1 )  
k i 1 
- - -1 )  (k 1)(k i ) (k  1 
>/0. 
In conclusion, we remark that the notion of vertex orientation appears to 
be the right tool for handling immanantal inequalities on trees and perhaps 
on graphs in general. 
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